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About me

e Name:
Junichi Haruna (HZ4h—)
e Affiliation:

Center for Quantum Information and Quantum Biology, University of Osaka

e Career:
- 2018~2023 Ph.D. @ Kyoto University
(particle physics: functional renormalization group)
- 2023 ~present Postdoc @ QIQB

(quantum error correction: hierarchical code, gauge field formalism)

e Research interests:
- Mathematical structure of QEC codes
- Relation between high—-energy physics and QEC
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Talk plan

e Introduction

* Preliminaries

e Logical gates by gauge field formalism
e Conclusion and outlook
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Talk plan

e Intfroduction
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Why a new framework for logical gates?

e Logical gates are essential for universal quantum computation,
but constructing them in QEC codes is generally non-trivial

e Existing approaches are |imited to special code families
- transversal gates, lattice surgery, code deformation
— rely on specific geometry or structures

e Gauge field formalism (operator-valued cochain formalism)
— applicable to general CSS codes
— provides a unified and systematic description of logical gates
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What we achieve

e General framework
- Logical gates for general CSS codes
- Gauge field (operator-valued cochain) formalism

e Constructed logical gates
- S, H T, CZ, multi-controlled-Z
- No geometric or product structure assumed

 Key properties
- exponential of polynomials of gauge fields
- explicit physical decompositions
- depend only on (co)homology classes

e Scope
- No fault tolerance or depth optimality assumed
- Focus: algebraic existence and structure

6/35



Contribution overview

e Summary of results:
- Unified construction for general CSS codes (no geometry assumed)

e We explain S gate in this talk
as an illustration of how gauge-field expressions encode logical gates

Logical Gate Physical Gate Decomposition Gauge Field Expression
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Talk plan

e Preliminaries
— CSS code and chain complex
— Gauge filed formalism
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CSS code (Review)

CSS code : X-type or Z-type stabilizer generators

Parity check matrix Hy,H, (HyH. = 0) gives linear constraints

SiX _. H(Xj)(HX)ij; SiZ _ H(Zj)(Hz)ij
J J

Logical Pauli operators
- constructed as transversal Pauli operators
- classified by homology

« Example: Shor code He=(t 11111000 [Shor 1995]
O 001 1 1111

St = X1 XoX3X4X5Xe, S5 = ZuZs,

= >, 1 1.0 0 0 0 0 0 O _

Sy = X4XsXeX7XgXo, Si = ZsZe, 0 1 1.0 0 0 0 0 O N X = X1X,X3

Slz =21Z2, SSZ =Z7ZSI HZ: O 0 01 1 0 0 0 O Z:Z:lZ4_Z7

s=ad.  siezg "Tlgvouiiovo
000O0O0O0GO 011 a/35



Chain complex (Review)

e A method to study geometric structure algebraically
e Chain complex : vector spaces {C,} with linear maps {0,}

On+2 On+1 , On On-1
R Cn+1 - Cn - Cn—l —

e Boundary operator 4, satisfies d,0,,,,; =0

( “Boundaries of boundaries” vanish)

« Homology groups H, detect global topological
degrees of freedom:

H, :=Kkerd,,/im 0,,,

(represents loops that are not boundaries)
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CSS-homology correspondence (Review)

* Any CSS code corresponds to a length-2 chain complex:
d,=Hz _ 8;=Hy

C, C, > C
e Dictionary:
— Parity check matrix «— Boundary operator
(62 — Hg, 01 — Hx)
- Physical qubit < Edge (C;, =F% )
- X Stabilizer « Vertex (Cy = F)*)
- 7 stabilizer « Face (G, =TF.?)

- Logical Pauli operator <« (Co)homology class
Z(y):y € H, = ker Hy/im HY
e Notice: Euclidean embeddings may NOT exist

. Fig. Toric code [Kitaev, 1997]
—> Hypergraphs in general (from EC Z0o)
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Gauge field formalism (Review)

* Gauge field a(y),b(y):
operator-valued |-cochains on qubits (linear maps on C;)

a(y, +v2) = a(yy) + a(yz)

e For the j-th qubit &
a(e)) =z,  b(e)=x
where z:=P%=|0)0],x :== P~ = |—-}{—|
e Pauli operators are exponentials of gauge fields:

Z =exp(inz) =1 — 2z, X =exp(inx) =1 — 2x
= a(y)/b(y) is a “logarithm” of Pauli Z/X strings
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Gauge field formalism (Review)

e Gauge field formalism = CSS code written in operator-valued cochains
e Transversal Pauli operators are express as exponentials of gauge fields

Z(y) = exp(ima(y)) = exp <in2yia(ei)> —

Z)Y'

A U4

i

X(y) = exp(imb(y)) = exp (inZy"b(a-)) =| |

y € Cy: subset of physical qubits (l-chain)
a(y),b(y) : operator-valued electric/magnetic gauge field

e Stabilizer are expressed as
SZ(f) =Z(0,f), S*¥(w)=X(01v)
= X/Z stabilizer correspond to exact |-chains (boundaries/coboundaries)
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Gauge field formalism (Review)

e Commutation relations encoded in intersections

X(y2)a(y1)X(y2) = a(yr) — 2aly; Nyz) +(v1, v2)

Z(y2)b(y1)Z(y3) = b(y1) — 2b(y1 Ny2) + (v1,v2)

= X/Z strings locally modify gauge fields on
the intersection (y; Ny, = X" v{v;e)

e Commutation relation between X and Z:

X(Vz)Z_(h)X(Vz) = exp(im(y1,¥2)) Z_(V1)

= Pauli commutation is completely deTermjngd by
the intersection number ({y1,v2)=X;¥v;)
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Talk plan

e Logical gates by gauge field formalism
- S gate (in detail)
Other gates (only the structure and key ideas)
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Talk plan

e Logical gates by gauge field formalism
- S gate (in detail)
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Three 1deas to construct logical gates

|. Any function of logical X,Z is logical
(commutes with all stabilizers)

[9(X,2),5“()] = [g(X,2),S*(w)] = 0

2. Replacement principle
Physical gate expression = Logical expression

0=g9gX,2) > 0=g9X,2)

3. Projector decomposition
Pauli operator — polynomials — exponentials

X¢=1-2cx, Z=1—-2cz (c=0,1)

= enables gauge-field expression
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Why gauge fields are useful for logical gates

|. Logical action depends only on the homology class
(independent of representative choice)

O0(y) ~ 0(h(y))

= Deformations by stabilizers (i.e. boundaries) within the same
homology class do not change the logical gate

2. Clifford and non-Clifford gates are treated on
the same footing as exponentials of gauge-field polynomials
= Clifford hierarchy = polynomial degree of gauge fields

Clifford D exp(ima(y)? / 2), exp(ir a(y)a(ys))
Non-Clifford : exp(ima(y)3/2), exp(iﬂ a(yl)a(yz)a(yg))
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S gate

* Definition 1 0 il —Z
5= (5 i)zeXp<2 2)

= diagonal gate = exponential of polynomial of Pauli Z

e Commutation relation
XSX =1i/ZS

= determines action on logical X
e Why S gate?
- diagonal gate — electric gauge field a(y) only

- minimal nontrivial polynomial : exp(ima(y)?/2)
- prototype for logical gates : homology dependence + CZ structure

e Take—home message:
Logical S = quadratic gauge field = Clifford & homology—-protected
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Logical S gate

 Replacement principle = candidate of logical S gate

S(y) = exp (iﬂ[ — Zm)

repl t:Z -7
> > (replacemen - Z(¥))

 Check: commutation relation with logical X

XP)SWX([F) = exp (l: - X(?)f(y))?(?)) (definition)
— e (55 2) (since XDZMXT) = ~Z()

. _ . I _ Z_
= exp <%Z(y)> exp <m (Y)> (rearranging commuting terms)

2 2
=iZ(y)S(y)
= Correct Clifford action on the logical Pauli algebra
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From logical Z to physical gates

. (The most technical part)
EXOmp|e: / = 212223

* Goal: S =exp(in/2-(I—Z2)/2) = physical S and CZ gates
C|Gim (Sp0i|el‘!): 52515253 'CZ1’2CZL3CZZ’3

e Strategy:
|. Rewrite Z using projectors z;
2. Plug into the exponential
3. Interpret each exponential term as a physical gate

e Why projectors z;?
—> zf = z;, eigenvalues= 0,1 (integer spectrum)

e Useful relation
- Zi =1 — ZZi
- (I — Z]_ZZZB)/Z A + Z9 + Zg — Z(lez + ARA + Zng) + 4212223
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From logical Z to physical gates

_ (The most technical part)
EXOmp|e: / = 212223

e Key: S =exp(in/2-(I —Z)/2) factorizes into S and CZ
e Using the relation from the previous slide:

(I — 2122Z3)/2 A + Z9 + Z3 — Z(lez + AVA: + Z2Z3) + 4Z1Z2Z3

_ I
= S = exp <? (zy + 2z, + Zg)) exp(—im (2,2, + 2123 + 2323) ) exp(21i 212,23))

3
= (1_[ exp(inzi/2)> (1_[ exp(—inzizj)> exp(2miA)

i=1 i<j
e Dictionary: exp(imz;/2) = S;, exp(—inzizj) =CZ;;
e Higher-order terms: A = z,;z,z; (integer eigenvalues) = exp(2mwiA) =1
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Decomposition to physical gates

* Result: logical S decomposes into physical S and CZ on supp(y)

so) =] Josor [ (czp)™

i<j
» Since y' €{0,1}, only qubits in supp(y) contribute:

Sky) = 1_[ Si HCZU
iesupp(y) i<j

e Definition of support of y:
supp(y) ={j € {1,..,n} |y/ =1}

(all to all CZ on supp(y))
23/35



Gauge field expression of logical S
e Rewriting the projector expansion in terms of gauge fields

zyizi = a(]’) (linear term)
[

. 1 1
2 VLV]ZiZj — Ea(y)z — Ea()/) (quadratic term)

i<j

e Result: compact gauge-field form

) = exp (a0 ) exp 3 (a7 - a0

= exp (%T a()/)2>

—> Quadratic polynomial = Clifford gate
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Homology dependence of logical S gate

* Logical S gate depends only on the homology class of y:

Vi=v2+0f = Sy ~Sy2)

(~:identical action on the code space)

= S(y) ~ S(h(y)) : well-defined on the code space

« Deforming y by stabilizers (boundaries) changes
the physical circuit, but not the logical action

e Intuition:
Boundary terms generate (controlled) stabilizers
= trivial action on the code space.
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Talk plan

e Logical gates by gauge field formalism

- Other gates (only the structure and key ideas)
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Hadamard: alternating quadratic forms

e Non-diagonal Clifford gate (mixes X and Z)

H:=%G 1), HZH=X, HXH=1Z

e Euler angle definition
— written only with diagonal Z/X exponentials

o LTT itl — 7 iml — X itl —Z
= exp 2 exp > 5 exp > 5 exp >

e Logical gate (#: dual logical chain (y,7) = 1)

_ in im I — Z(y) im I — X(7) im | — Z(y)
H(y)=exp(—z)exp<2 > )exp(2 > )exp(z 2 )

can be written as a product of exp(ima(y)?/2) and exp(im b(y)?/2)
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Hadamard: alternating quadratic forms

 Logical Hadamard = alternating electric/magnetic quadratic gauge fields
(= non-diagonal Clifford, but still homology-protected)

* Physical gate decomposition

_ _im _ N
H(y)=e «S)H@)SGHH@)S(¥)
— many layers of S, H, CZ (X-Z mixing)

* Gauge field expression
Fi) = o~ % 0ina(y)2/2 5inb (7)2/2 yina(y)?/2
(y € H, (logical Z),7 € H* (logical X),{y,7) = 1)

. Homology dependence: ]—](yl) ~ H(Vz) (not depth-optimal, shown for existence)
boundaries only generate stabilizers
= Jlogical action is homology invariant
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Controlled-Z: bilinear gauge field

I—-Z;1-2Z
2 2

CZ;; = I]-Pl-1 + Z]-Pl-O = exp (in ) (projector form)

e Logical gate by replacement
I — Z_(V1) I — Z(Vz))

CZ(yy,v2) = exp (iﬂ

2 2
e Physical decomposition (round-robin construction) [Joder, Takagi, Chuang, 2016]
CZ(y1,v2) = 1_[ 1_[ CZ;;

tesupp(y1) Jesupp(y2)
Gauge field expression

CZ(y1,v2) = exp(im a(y1)a(y,))
= bilinear form of gauge fields
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CZ and multi-controlled=Z: multi—-Iinear

e Logical CZ depends only on homology classes
CZ(y1,v2) ~CZ(y',vs),  (vi —v{ €imd,)
e Physical decomposition (round-robin)

C™1Z(yy, s VYm) = 1_[ 1_[ C™Z; i
i1€supp(¥1)  imE€supp(¥Ym)
- apply a physical €™ 1Z for every choice of qubits
in the supports of logical operators

e Gauge field expression [Breuckmann, et.al, 2024]
C™1Z(y1s - Ym) = exp(im a(yy) - a(¥Ym))
= multi-linear polynomial of gauge fields

(degree m = Clifford hierarchy level m)
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T: physical gate decomposition

e Non-Clifford diagonal gate

itl —Z
T = exp 1 7

* Physical gate decomposition

ﬂw=< | | ﬂ>01?$0<_

i€supp(y)

|Q gate 2Q gate 3Q gate (Example for |[supp(y)| = 3)

e Key point:
Non-Clifford diagonal gates require higher-order controlled-Z gates
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T: cubic gauge field expression
_ 1 3 1
T(y) = exp <iﬂ (5 a(y)’ — 7 a(y)? + > a()f)))
= cubic polynomial in gauge field

* Logical T gate depends only on the homology class of y:

T(y) ~T(y + 0f)

* Diagonal logical gates are classified by gauge-field polynomials
(Polynomial degree « Clifford hierarchy level)
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Talk plan

e Conclusion and outlook
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Our contribution

e Systematic construction of logical gates for general CSS codes

e Gauge-field formalism (operator-valued cochain formalism)
- Logical gates as exponential of polynomials of gauge fields

e Logical action depends only on (co)homology classes
- independent of representative choice

e Scope:
- No fault-tolerance or depth-optimality assumed
- Focus on algebraic existence and structure
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Outl ook

e Gauge fields provide a common language for logical gates,
independent of geometry

e Toward realistic and universal logical gate constructions:

|. Making the framework practical
— Incorporating fault-tolerance
- Integrating measurement-based schemes
(quantum channels, gate teleportation)
- Extension to longer chain complexes
(measurement error, single-shot QEC)

2. Extending the theoretical scope
— Non-CSS stabilizer codes
— QEC codes with non-Abelian group
«— correspondence to non-Abelian lattice gauge theory [arXiv URL]
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Applicability of our construction

 Applicable
- Diagonal gates

. . ' i, 1—Z,
Oy (iq, ..., 1) = €xp Ko T

- Their variants with X/Y instead of Z
- Alternating layer of them

* Not applicable
- Non—-diagonal 2- or more qubits gate with overlapping supports
e.g.) CNOT _ _
I—Z(y) I — X(Vz))

2 2
— If y;ny, #0, gauge fields do not commute
(Another option: utilizing CNOT;; = H;CZ; ;H; = deep circuit)

CNOT (y1,v2) = exp (iﬂ
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Polynomial of gauge fields

e Polynomial of gauge fields in terms of projectors

a(y)™ = z r'S(m,r) Z yli l?‘zl1

(S(m,r): the Stirling number of the second kind)
e Polynomial of projectors in terms of gauge fields

1
D Vi, ez == 3 (D™ s ma()”
m=1

1,1< <lr

(s(r,m): the Stirling number of the first kind)
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Homology dependence of S gate

» We show S(y) ~ S(y + 8.f) = S(y) - exp(im a(y)a(d,f)) - S(9;1)

e The second and third terms are logically identity operator
(i.e. O|Y)=|yY) for any logical state |P))

- The second term is a product of controlled-Z stabilizer gate:

exp(im a(y)a(d,f)) = 1_[ (P + P7S%(0,/))

iesupp(y)
- The third term is expressed as

- __cZ
$(02f) = exp (lg =2 2(62f))

= Identity operators on the code space since S%(0,f) ~ I
e Therefore, S(y +0,f) =S(y)-1-1~S¥)
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Homology dependence in general

« The homology dependence holds for any logical operators constructed
by the replacement principle

e Example: diagonal logical gate with a polynomial expansion
0 = 9(Z) = ) aZ)"

* Replacing y =y + d,f gives Oy + d,f) = X ci(ZW)SZ())"
 Since S%(f) ~ 1, we have
Oy +0:) ~ ) ) - D" = 0(r)

n
* This discussion can be extended straightforwardly to the case of

non-diagonal gates and multiple logical qubits O = g(Zy, ..., Zx, X1, ..., Xi)
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Multi—-controlled-Z gate

e Definition
[ —Z; [ — Z;
C™Ziy, iy = €XP (m e ‘m)

e Gauge field expression

C™1Z(yy . Vi) = exp(im a(yy) - a(ym))

= multi-linear degree m polynomial (Clifford hierarchy at level m)
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Transversality in gauge field formal ism

« Some QEC codes support transversal logical gates.

Can we understand it from the viewpoint of the gauge field formalism?
— (Probably) Yes

e Example: Logical S gate h1|I7J”3” Steane code (color code)
- The logical S gate can be implemented by transversal ST gate

7 7 7
S:==I_IS?.==[]SV]iIZi
i=1 =l =l
- On the other hand, our results give
7
.ST — l_[Sl y HCZL’]
i=1 i<j

= How can we understand this?
42/35



Transversality in gauge field formal ism

e We can show that the product of the CZ layers and the transversal Z gates
is a logical identity operator:

= Qur result is consistent with the transversal logical S gate:

7

7
HSl- . HCZL'] ~ nSi-ll[Zi = ﬁS;
i=1 =1 =1

i<j t=1
« The above relation holds as an identity on the code space,
independent of construction of the logical S gate

e Studying logically identity operators in QEC codes may give us
a new insight into transversality of logical gates
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Transversality in gauge field formal ism

e For y=(1111111),

’ IT
1_[ CZi,j ¥ HZi = exp (; (a(]/)z + a()/))) =:0
1<j t=1

e We can show this operator commutes with all the stabilizers and
the logical Pauli operators:

[0,5* ()] =[0,X] =0

= O is a logical identity operator (O ~ 1)
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Derivation of commutation relation
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