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Introduction



[(Kitaev 1997]

Surface code

Promising QEC code for FTQC a b d=0 df 05 A d=
« High error tolerance Iﬁn n n;i
 robust against local noise fiﬂﬁ

e Compatibility with planar architecture Innnn ﬂ}l

18 o

e Studied theoretical ly/experimentally lﬁﬂnﬁﬁﬁﬁ _ easur

ChOl |engeS Ién n n nl Leakagule

« Requires a large number of physical ot o BT o 550 - (Rl
qubits to encode many logical qubits Fioure la fron orKiv:2408. 13687

by Google Quantum AI and Col laborators]

 Low encoding rate
e.g. : Rotated surface code [[L? 1,L]] (encoding rate L72)
= Inefficient when scaling up
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Quantum Low Density Parity Check Codes

A promising alternative for surface codes
e Stabilizers act on 0(l) qubits

e Qubits participate in 0(l) stabilizers
Advantages

o High encoding rate [Fig.4 from arXiv:2103.06309

by N.Breuckmann and J.Eberhardt]

e Code distance increases with n

Examples
* Hyper graph product code k = 0(n),d = O(n'/2) [ n-# of physical qubits|

k--# of logical qubits

e Asymptotically good qLDPC codes k,d = O(n) d--code distance

- I
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Implementation Challenges of qLDPC Codes

Chal len ges bicycle architecture

* Long-range connectivity is required @@
Current Walkarounds @ @

» Reconfigurable atom array, bi-layer architecture

2 °
B »
° °

* Nearest-neighbor + little long-range connections | ~ "

e Incompatible wiThvsuperconducTing qubits

ooooooooooooo Mediating Ancillae / ?__e/ i ?/

0000 OCOCOCOCOOOOOC
0000 OOCOCOOODO OO

ooooooooooooo o o:o -
©0000C000000 0O ool e a.. mOdUIar hardware
OOOOOOOOOOOOO o909 .
seccscosnosee JJo . long-range connections
©o000O0CO0OO0OCOCOOCODO |
0000 O0OCO0OCOCOOCOCOOCPC "“"c‘,oo
sesoevosiecece 00! [Fig.la of arXiv:2506.03094
0000000000000 Computation qubits by IBM Quonfum]
qLDPC Memory Block g@g

[Fig.2a of arXiv:2404. 17676 [Fig.| of arXiv:2308.08648
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H i e rO rCh i CO I QEC [Pattison et.al. 2023]

Approach: Hierarchical QEC

[ N
 Concatenate gLDPC codes 000
on surface codes o0
o0
@O0

Characteristic
 Leverages the high encoding rate of qLDPC codes
e Maintains compatibility with locality of surface codes

Advantages

e Applicable to devices with only nearest—-neighbor connectivity,
such as superconducting qubits
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Chal lenges of Hierarchical Codes

Issues in Previous Studies : —
. Lo . . _ [Pattison et.al. 2023] 73 it
* Simplified numerical estimation £ 101§
(Decoding, error rates, etc.) ERUSS
. [Meister et.al. 2024] % 103 ]
* Decoding methods as a bottleneck &
. . . 10~ 1 --#- Soft info
e Hard-decision decoding I R i
—> reduced effective code distance S
* Soft-decision decoding [Fig.5 of arXiv:2405.07433

(e.g. Belief Propagation)
—> suffers from degeneracy and error floors

Open Problems

e Evaluation of specific codes with better decoding methods

by N.Meister et.al.]
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Objective and Method of Qur Study

Objective ® 0

« Explore the conditions under 000
which concatenated HGP codes o0
outperform surface codes 0

@0

Code structure

« Low layer : Rotated surface code (L =5)
Lookup—-table decoding
=Rigorous syndrome—-conditioned logical error probability

* Upper layer : Random HGP code [[25s2,52,5d,]]
Belief propagation + ordered statistics (BP-0S)

Noise model: code capacity noise (depolarizing noise)
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Results and Implications of Qur Study

Results 10

e If p<1074, k>16. d =25,
concatenated HGP codes have better
encoding rate and error suppression

-
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Logical Error Rate p;
=
|

Novel ty

,_.
o
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—&— Concatenated HGP Code (s=2)
Concatenated HGP Code (s=4)
—&— Concatenated HGP Code (s=6)

* Rigorous syndrome-conditioned g Concetanated Hap

-
9
w

logical error probability T S

« Soft-decision decoding by BP-0SD
Implication

e Hierarchical QEC can be a scalable and resource-efficient
approach for realizing FTQC
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Prel iminary



Hypergraph Product (HGP) Codes ™™™ ™"

Characteristics L N
e One of the earliest examples of qLDPC codes 00
e Constructed from ftwo classical |inear codes o
* Preserves LDPC property %

« CSS construction

Construction \*éfé;:z///

* Classical codes :m; Xxn; parity-check matrix H; (i = 1,2)
« Stabilizers P Hy=|H; QIy, Iy, HL | Hy = [I,, ® H, H{ ® Iy, |
« Parameter : [[n% +m%,k%,d,]] (H = Hy)
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Properties of Hypergraph Product Codes

LDPC property . N
e Stabilizer weight is the sum of the row 00
and column weights of the underlying X |
classical codes
High Encoding Rate %
O
* Classical codes : [n, (1 —1)n.d,]

=>HGP code [[(1+ (1 —7)?*)n2,r?n2,d.|]
=Encoding rate is cons’ronc’ri rzc/(lc+(1—r)2) \WJ

Scaling of Code Distance

« If d. xn,, the code distance d scales as d o< n, oc/n
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Chal lenges

* Long—-range connectivity is required
e Implementation on planar architectures

Solutions (Previous l|iterature)
° Mu | t i — | ayer Orch i tectures [Berthusen et al. 2023]  [Fig.2a of arXiv:2404. 17676 by N.Berthusen et al.]

» Reconfigurable atomic arrays ™ era!. 2021 o Dl
Qur Approach (Hierarchical QEC) S T —
« Concatenate them on surface codes $3sssiesssee: MEE O
= Implementable with nearest-neighbor PULTITIIIIIIL  compuatoncunns
connectivity only stbre enen Skcs (7] |

[Fig.| of arXiv:2308.08648 by Q.Xu et al.]
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ConCOTenOTed COdeS [Knill and Laflomme 1996]

Characteristic

Level-2
qubits

e Multi—-layer encoding

e Overcomes non-locality of
qLDPC codes

Parameter (‘ .I\"/.' \.‘/ \. .‘.} _________________ Level-0

qubits
. [Fig.6 of arXiv:2303.04798 by C.Pattison et.al.]
* Lower layer: [[nq, kq,dq]]

Upper layer: [[n,, k;, d;]]
=Concatenated code: [[n n,, kik,, d,;d,]]

Advantage: Exponential suppression of logical error rate with
respect to concatenation IeveI

(%)
L <Pth>

Level-1
qubits
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Decoding of Concatenated Codes

Hard-Decision Decoding

 Decode each layer separately
« Advantage: Low computational cost
e Drawback : Effective code distance is reduced

oo |dat||det1
eff — 2 2

Soft-Decision Decoding trouiin 20063

e Error estimation based on syndrome—-conditioned soft
information from the lower layer

« Advantage: Maintains code distance dqd,
e Drawback : High computotional cost
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Surface Code and Lattice

Characteristic

e Qubits are arranged on a 2D latftice
« Encodes one logical qubit
LGTT | ce su rgery [Horsman et al. 2013]

e Logical operations with NN inferactions

 Logical gates by manipulating
patch boundaries

Advantages

e Compatible with planar architectures

e Non—local codes via concatenation

Surgery

° ° ° ° °
° ° e o .
° ° o ‘e °
° ° ° ° °
° ° ° ° °
r . : _ .-_-- .w
(a) (2129 () [(0X,
.'_.'
: (b)
btecccca(X|lececaad

[Fig.| of arXiv:1808.02892 by D.Litinski]
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QEC performance of
concatenated HGP code



Overview of QOur Study

Objective

e Concatenated HGP codes vs
rotated surface codes?

@e

Construction

e Lower layer: Rotated surface code (L =5)
 Upper layer: randomly-generated HGP codes
 Parameters © [[625s52, 52, 5d]] [ o S?Q‘EZEZE"Of}

S
classical codes

Evaluation Metrics

e Logical error rate, pseudo-threshold, scaling factor
e Minimum size for concatenated HGP codes to outperform
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Generation of (3,4)-Random HGP Codes

Construction Method

* Rondomly generate a classical parity-check matrix H, with
row/column weights of 3/4

Z(Hc)ij = 3»z(Hc)ij =4
L J

e H. : 3s X 4s matrix = Parameter of the HGP code
[[2552,52, ds]] d, - maximum distance among

Why (3’4>? 1000 samples
« Balance between encoding rate and stabilizer weight
e« For (2,m), d; xlogs — Not scalable [Gallaser 196]




d. and k. of Random Classical Codes

Scaling of Code Distance

« The size-parameter dependence
among 103 samples

d, = 2.76 x 50:660

Code Distance

* d, increases with s
Logical (Classical) Bit Count
c k. =s5kl=0

10 1 —®— Measured value
Fitting

« Constant encoding rate: 1/4
=Adopted values for concatenated codes




Simulation Setup and Decoding Method

Objective

« Evaluate the logical error rate via Monte Carlo simulation
e Test under code capacity noise
e Averaged (since variation across logical qubits is small)
Noise Model: Depolarizing noise

E(p) = (1—p)p +5 (XpX + YpY + ZpZ)
Decoding Method

 Lower layer: Lookup table — Rigorous syndrome—conditioned
logical error probability

e Upper layer: BP-0S (depth A =10) — Soft-decision decoding
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Construction of Lookup Table

Classification of Errors

e Total number of error patterns 22°> ~ 3.4 x 107
= Exhaustive search is feasible within practical time
Construction Procedure

 Find the error set V(s) corresponding to each syndrome s
* Extract the minimum Hamming weight error e,(s)
 Identify logical error/correctable set V,(s)/V.(s)

* Syndrome-conditioned logical error probability P.(p|s)
PL(p | S) — Pe(p;S)/(Pe(p;S) + PC(pJS))
=>Used as the initial probability of BP to improve accuracy
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Logical Error Rate and Fitting Analysis

10-4] e 23 M‘/‘x.
Results -
e Error suppression improves with %f
increasing s :

e Error floor disappears

|

Scaling of Logical Error Rate R | —
p ~< p )a(S) 20 —8— Measured value
L Pth (S) - Fitting
:>0((S) — 5.481 X 50667 ~ 0(n0333) %14: 16.46
pg, = 0.157 (approximately constant) |d.
P (s) :Pseudo-threshold " 10 / |
a(s):Scaling factor 81 s
é é Size Parimeters é é 26/34




Concatenated HGP Codes vs Surface Codes

e Investigate the conditions under which concatenated HGP codes
outperform rotated surface codes in terms of:
|. Higher encoding rate
2. Lower logical error rate

e Intuitively, concatenated HGP codes should outperform
If the size is sufficiently large

e Compare both hard and soft decision decoding (in our paper)
= Investigate the minimum required size
(in terms of number of logical qubits and code distance)

e In this talk, we will focus on the soft-decision case
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Comparison in Soft-Decision Decoding

Encoding Rate

¢ s2/6255* >1/d* & d = 25

Logical Error Rate
e Concatenated HGP code
p; ~ (/D

e Rotated surface code
d+1

)5.481)(50'667
th

pi® ~ (p/Din) 2 , P = 0.1776

e Condition

Size Parameter s

Y
L

W
I

N
1

=
1

o

5_

- p=0.01

o
®e

Code Distance d

p=0.001 ‘4
- p=0.0001 /,;3”
.///
.
G’//
pad
% o
/’/
/’;.r,
o
&
;’/
é"ﬁ
L
,o"‘
5 10 15 20 25 30

pL <P © S 25s(p,d)

_ .5
d + 1log<p/pth)>1 °
11.0 log(p/pS,)

srs(p,d) = (
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p—dependence of Minimum Size Parameter

Minimum size parameter with d = 25 ’
* 5.¢(p,25) =~ 3.65 when p < 1074
=Condition: s>4,d > 25

=When k = 16. d = 25, the concatenated

code outperforms the rotated surface
code

-0

Size Parameter s

Parameters with s =4 51

 Concatenated HGP code: [[10% 16,2a]]

Physical Error Probability p
(a =~ 14.38)

* Rotated surface code: [[625,1,25]]
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Summary

Motivation

e Hierarchical QEC: Concatenate
qLDPC codes with surface codes

e Implementable with only
nearest—-neighbor interactions

Main results

» Concatenated HGP codes with k = 0(n),des = 0(n'/3)
e p S 107%k > 16,d = 25, they outperform rotated surface codes

- [[10%,16,2a]] (a =~ 14.38)
=Achieves both high encoding rate and error suppression
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Future Chal lenges and Outlook

Optimization of Decoding

e Improve soft-decision decoding

 Develop scalable decoding algorithms for large codes
More Realistic Setups

e Measurement errors, correlated noise, and biased noise
e Investigate fault-tolerant gate implementations

OQut ook

e Hierarchical QEC may enable large-scale quantum computing
with limited resources and high error tolerance

e An important step toward practical quantum computing
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Scaling Factor by Hard/Soft Decoding

Scaling factor in hard-decision 25,0 { —a- ard pecion case
@, = 3d./2 ~ 414 x 50660 s | 5 i /
Compar ison %ii |
« Soft decoding improves « %wm
« Below the theoretical limit 5d./2 53?
Discussion "
« BP-0S decoding is an approximate N T TR T

inference algorithm of errors
—>May fail to correct some errors
with weight less than 5d./27
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Comparison in Hard Decision Decoding

Encoding Rate

» Concatenated HGP code: 1/625
* Rotated surface code: 1/d? IX
=Condition: 1/625>1/d* & d = 25

[[62552,s2,5d]]

VS

Logical Error Rate (~ Scaling Factor) [[d?,1,d]]
» Concatenated HGP code: ay, = 3dg/2 S
» Rotated surface code: a.s = (d+1)/2 e ¢

=Condition: ay = a.s © 3d;, —1=>4d



Condition in Hard Decision Decoding

Summory Of CondiTionS 10 1 —@— Measured value »

e Encoding rate - d>25 N /

* Logical error rate: 3d,—1>d
> 3d,— 1225 dy > ~ 8.67

e d.>10 < s >7 (Numerical result) >
e k=52 =49 with s=7 N

=When k =49, d = 25, the concatenated
code outperforms the rotated surface
code (Hard decision decoding)
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HGP on Rotated Surface: LookUpTable decoder

4 %102 6 x 10-2

Physical error rate

3% 102
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HGP on Rotated Surface: LookUpTable decoder
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Decoder
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- Belief Propagation + Small Set Flip (2109. 14609 etc.)
- Belief Propagation + Ordered-Statistic Decoding (2206.03122
etc. )
— ReShape decoder (2105.02370)
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