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(relevant)

e*4aT or
~ \‘\/_7 —
« X7 —1) 2RIt dy ¢~ (Mmin-1)(D+2-1)/27'
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o JBELEFRFRIIWi Ison-FisherElESICL YEHEOIT SN S

) 1 2 mf A, 2
Sie = | 5(0u00)" + 507 + 5 (97)" +0(e)
X
5 eN + 2 Iy Q772
M= AN +8 ~fN 18

[K.Wilson, M.Fisher Phys.Rev.Lett. 28 (1972) 240-243]
[S.Dutta, B.Sathiapalan, H.Sonoda 2003.02773]
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[H.Makino, H.Suzuki 1410.7538]
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GFERG is ERG?

e GFERG is NOT considered to be a kind of ERG
but an alternative framework to study the low—energy
physics in the Wilsonian sense

 Reasons:

|. The scaling dimensions are different from those of
the WP equation
(Different renormalization schemes should provide
the same scaling dimensions within ERG by a field
redefinition)

2. The effective couplings do not follow the scaling
low around fixed points
(They should scales as 14 — e¥4aT}4 under
the coarse-graining of x — xe?)
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Loophole

e Qur arguments do not cover the case where A(t) and
then the GFERG equation become t-independent

* n, satisfies
Ne=2-D

e Examples: the pure Yang-Mills theory with D = 4,
the O(N) non-linear sigma model with D =2

(Note: the counterpart of A(z) in the YM theory is 8—1(0—4)/225/2)

e The GFERG equation can be regarded as a ERG equation
in this case

34/30



GF eq. of O(N) NL sigma

e Gradient flow equation
0.0 = 02¢; — (9;020;)p;
» It obviously preserves the O(N) symmetry (¢; = 0;;¢;)

e The constraint of the fields (¢€ = 1) is respected,
i.e., if @?(0,x) = (x) =1, p?(t,x) =1 for Vvt

* The correlation functions of ¢; are UV finite without
any additional wave function renormalization in two
dimensions

1
« If we solve the constraint (¢py = £(1 = XN-1¢2)2),
the appropriate gradient flow equation is

2
(QObaufpb) ><Pa

0t = 0504 + | 0,010, 0, + i
1— PDc
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General non-Ilinear sigma model

 Lagrangian 1
L= EG"’"(¢)0u¢n0“¢m

e The Wilson action of GFERG is not covariant
under target space diffeomorphism of the fields

eStldl = 551 J D¢’ 1_[5(¢i(x) — e™0-2)/271/ 20(t, xe™)) 3 4 e5r=0l¢’]
X

52
$p = exp <—L5¢i(x)2>

e This expression should be interpreted as one for the
models embedded in higher-dimensional Euclidean space
with some constraints for the fields

e The appropriate GF equation is required to preserve
those constraints instead
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Constraints

e Consider a theory whose fields are constrained as

Fl¢] =0
e.g.) the O(N) NL sigma model: F = ¢f —1

« S. preserves the constraint in the sense that
F[A(t)¢] = 0 holds in the (modified) correlation
functions:

L FlA(@)dlpi, - P, »>s.=0
(Recal | :

5191 = 551 [ Dy’ [ [06i) = 727221 2 (t,xe™) 8 pe5ewol®') )
X
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Scaling theorem

« 5. of GFERG satisfies the scaling theorem:
[H. Sonoda, H.Suzuki 1901.05169]

KL @i, (pre?) - ¢; (pre®) s,

n
_ K(p;e®)
= g GG KG) < Pu@) b Pn) s,
i=1 ¥

K 0 >»g=[D¢p 5450 eS1!: the modified correlation function
K(p,) := eP°: the cutoff function

e The solution to the WP equation holds this property

e 5. describes the response of the system to
the scale transformation (the coarse-graining)
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RG invariance of Z

e Partition function

YA — fD¢ eST=O[¢]
e The GFERG flow preserves the partition function:
fqu est = fqu est=0 = 7

« We call S, of GFERG the “Wilson” action in the sense
that it holds this property and satisfies the scaling
theorem
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Details of Solution to GFERG eq.

e Solution to the GFERG equation in the T > o0 limit

S —S*-l-Z((SCA xat’ _ nmln 1(8 (Mmin=1)(D-2+n)1'/2 _ xAT’)hA)OA

IlA —

. ) ifpin ) toin
A@, = eS f v 'nm‘“< - (x )+j D(x; — )—) e™S
Z g 4 X, X1,9Xn 6¢l(x) {fa ¢l1 ! V1 ! yl 6¢ll (yl)

40/30



Inclusion of matter fermions

[Y.Miyakawa and H.Suzuki 2106. |1142]
e Wilson action for gauge fields and matter fermions

eStlAY Y] — $itsyt j DA'DY’' Dy’ 1—[ ) (Aﬁ(x”) — eTgT‘lB{,b(t,x”eT))

x"'v,b
) (l,b(x") _ eT(D_l)/ZZ;/Z)(’(t,x"eT)) S (1/3(x”) _ BT(D_l)/ZZ%/Z)Z’(t, x/ler))

!/ AN
X §A,§¢,eST=O[A ’lp ’lp ]

6L 6L

$y = exp (— fx&/)(x) 617)(96)): scrambler for fermions

 ¥'(t,x) is the solution to the following GF equation:

d:x' (t,x) = [DMDH — aoauBﬁa(t, )T x'(t,%), x'(0,x) =¢'(x)
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Chiral symmetry

« S is NOT invariant under the chiral transformation

Y(x) » (1 +iays)P(x)
A . o, 0L
due to the scrambler &, := eXp( fx 59 (0 517)(,5))

e It is invariant under the modified chiral symmetry
generated by

where y- is the generator of the ordinary one:
o
oY (x)

_ )
+ IIJ(JC))/s é;dgé;f)

Vs = jx)/sl/)(x)
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Modified chiral symmetry

[t acts on S, as

OpS; _ 0.5, OpS; 0;5;
+ —— 2 —
x51/))/5¢ 1/))/561/) 51/))/551/)

* When S, is the bilinear in the fermion field as

5, == f T,

the modified chiral symmetry ([teSt=0) implies the
Ginsparg-Wilson relation:

5L 5RS‘L'

—Sr i oSt — ZL TR
e 5€ V55¢ 50

+-2tr[

(Recall that we work on the dimensionless framework)
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Gauge fixing in QED

[Y.Miyakawa, H.Sonoda and H.Suzuki 2111.15529]

e When perform a perturbative calculation,
we should consider the gauge fixing and the ghosts

« If we introduce the ghosts ¢(x),c(x) and suppose they
decouples from,A and y, the EFERG equation requires
d
Sgh = fc(x) E(—e-2792) — 92 c(x)
where S; = S[A, ] + Sy

e The Ward-Takahashi identity requires

inv .__ 1 1 2
St =S tg jfE( e—ZTaZ)ezaZ 02 (aﬂA#(x))

should be invariant the modified gauge transformation

&: the gauge fixing parameter
E(x): an arbitrary function analytic at x =0
44,/30



Modified gauge invariance

« SIV is required to be invariant under
the modified gauge transformation:
fE(—e‘ZTBZ)ezaZ — 92
gE(_e—ZTGZ)BZGZ
6 (x) = lew(x)P(x),
§P(x) = —iew(x)P(x)

6A,(x) =

S. is required to transform under it as
62
EE(—e2792)e 2072

5S, = J A, (x) d,w(x)

d, w(x),
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|IPI effective action

[H. Sonoda and H.Suzuki 2201.04448]

» The generating functional I'[A,, ¥, ¥] for
one-particle irreducible diagrams is defined as

_ _ 1 _
zqﬂwywy:gmwwwygfk@%-dgf+u¢—wx¢-W),

where A,, 1 and Y are set to be the solutions to

6;S, —  _ OrS
L z',qu.:: yb +i _R-_T
oY oY

T

A, =A
u u 4_‘5[4M

W=+

* [7 is invariant under the ordinary gauge
transformation, while SI™V is invariant under
the modified one
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Material



(relevant)

!/
e*AT or

e~ (Mmin—1)(D+2-1)/2 7' (irrelevant)
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  Λ ≔  Λ 0  e  − 𝜏 ,        Λ 0 :


   𝜕 𝜏  S 𝜏 =   ∫ p   {  [  ( 2  p 2 +   D + 2 −  𝜂 𝜏 2 ) +  p 𝜇  𝜕  𝜕  p 𝜇 ]  𝜙 i  ( p )   𝛿  S 𝜏  𝛿  𝜙 i  ( p )  


   +  ( 2  p 2 + 1 −    𝜂 𝜏 2 )  (    𝛿 2  S 𝜏  𝛿  𝜙 i  ( p ) 𝛿  𝜙 i  ( − p ) −   𝛿  S 𝜏  𝛿  𝜙 i  ( p )   𝛿  S 𝜏  𝛿  𝜙 i  ( − p ) ) }


   S 𝜏


   S 𝜏


   S 𝜏


   𝜕 𝜏


  =


  +


   S 𝜏


   S 𝜏


  −


   𝜂 𝜏 :


   A 𝜇 a  ( p ) →  A 𝜇 a  ( p ) −  p 𝜇  𝜔 a  ( p ) − i  f  a b c   ∫ q   𝜔 b  ( p − q )  A c  ( q )


  K  (  p 2 ) =  e  −  p 2


  𝜑 ′


   e   S 𝜏  [ 𝜙 ] =    s ^ 𝜙  − 1  ∫  D  𝜙 ′     ∏  x , i  𝛿 (  𝜙 i  ( x ) −  e    𝜏  ( D − 2 ) / 2  Z   1 / 2  𝜑 i ′ ( t , x  e 𝜏 ) )    s ^   𝜙 ′  e   S  𝜏 = 0 [  𝜙 ′ ]


     s ^ 𝜙 ≔  exp ⁡   ( −  1 2   ∫ x     𝛿 2  𝛿  𝜙 i    ( x ) 2 )  


   𝜕 t  𝜑 ′  ( t , x ) =  𝜕 x 2  𝜑 ′  ( t , x )


   𝜑 ′  ( 0 , x ) =  𝜙 ′  ( x )


  t ≔  e  2 𝜏 − 1


   x 1 =  x 2


   Z t  − n / 2    ⟨ 𝜑  ( t ,  x 1 ) 𝜑  ( t ,  x 2 ) ⋯ 𝜑  ( t ,  x n ) ⟩ 𝜙 < ∞


   D 𝜈 ′  G  𝜈 𝜇 ′


   𝜕 t  B 𝜇 ′ =  D 𝜈 ′  G  𝜈 𝜇 ′ +  𝛼 0  D 𝜇 ′  𝜕 𝜈  B 𝜈 ′


   B 𝜇 ′  ( 0 , x ) =  A 𝜇 ′  ( x )


   D 𝜈 ′  G  𝜈 𝜇 ′ =  𝜕 x 2  B 𝜇 ′ + ⋯


   S 𝜏


   S 𝜏


   e    − S 𝜏  [  A 𝜇 a ] ≔    s ^ A  − 1  ∫   [ D    A ′ 𝜇 a ]   ∏   x ′ ,     a ,     𝜇  𝛿  (  A 𝜇 a  ( x ) −  e  𝜏  ( D − 2 ) / 2  B 𝜇  ′ a  ( t ,  x ′  e 𝜏 ) )    s ^   A ′  e  −  S  𝜏 = 0  [  A 𝜇  ′ a ]


     s ^ A ≔  exp ⁡   [ −  1 2   ∫ x     𝛿 2  𝛿  A 𝜇 a  ( x ) 𝛿  A 𝜇 a  ( x ) ]


   S 𝜏


  𝜏


   𝜕 𝜏  e  −  S 𝜏 =


    ∫ x   𝛿    𝛿 A 𝜇 a  ( x )    [ − 2  D 𝜈  F  𝜈 𝜇 a − 2  𝛼 0  D 𝜇  𝜕 𝜈  A 𝜈 a −  (   D − 2 +  𝜂 𝜏 2 +  x 𝜇  𝜕  𝜕  x 𝜇 )  A 𝜇 a ]  A → A +   𝛿 / 𝛿 A  e  −  S 𝜏


  O  ( N )


   𝜕 t  𝜑 i =  𝜕 x 2  𝜑 i −  (  𝜑 j  𝜕 x 2  𝜑 j )  𝜑 i


  𝜏 → ∞


  𝜏 → ∞


   𝜕 𝜏  𝜑 i =  𝜕 x 2  𝜑 i +   ∑  n =  n min ∞    ∫   x 1 , … ,    x n   f i   i 1 , … ,  i n  ( x ;  x 1 , … ,  x n ;  𝜕   x 1 , … ,    𝜕   x n )  𝜑   i 1  ( 𝜏 ,  x 1 ) ⋯  𝜑   i n  ( 𝜏 ,  x n )    


   e   S 𝜏  [ 𝜙 ] =    s ^ 𝜙  − 1  ∫  D  𝜙 ′     ∏ x  𝛿 (  𝜙 i  ( x ) −  e    𝜏  ( D − 2 ) / 2  Z 𝜏   1 / 2  𝜑 i ′ ( t , x  e 𝜏 ) )    s ^   𝜙 ′  e   S  𝜏 = 0 [  𝜙 ′ ]


   𝜕 𝜏  e  −  S 𝜏  [ Φ ] = ( WP   part )


  +   ∑  n =  n min ∞   𝜆  n − 1  ( 𝜏 )   ∫  x ,  x 1 , … ,  x n   𝛿  𝛿  𝜙 i  ( x )  {  f i   i 1 , … ,  i n  (  𝜙   i 1  (  x 1 ) +  𝛿  𝛿  𝜙   i 1  (  x 1 ) ) × …  


   ×  (  𝜙   i n  (  x n ) +  𝛿  𝛿  𝜙   i n  (  x n ) ) }  e  −  S 𝜏  [ Φ ]


  𝜆  ( 𝜏 ) ≔  e  − 𝜏    ( D − 2 ) / 2  Z 𝜏  −  1 / 2  


   S ∗


   S ∗


  𝜆  ( 𝜏 )


  𝜆  ( ∞ )


  𝜆  ( 𝜏 ) ∼ exp  ( − 𝜏  ( D − 2 + 𝜂 ) / 2 )


   𝜕 𝜏  S ∗ = 0


   S ∗ ≔    lim  𝜏 → ∞ ⁡   S 𝜏


  0 = ( WP   part ) +   ∑  n =  n min ∞   𝜆  n − 1 ( ∞ )   ∫  x ,  x 1 , … ,  x n   𝛿  𝛿  𝜙 i  ( x )  {  f i   i 1 , … ,  i n  (  𝜙   i 1  (  x 1 ) +  𝛿  𝛿  𝜙   i 1  (  x 1 ) ) × …  


   ×  (  𝜙   i n  (  x n ) +  𝛿  𝛿  𝜙   i n  (  x n ) ) }  e  −  S ∗  [ Φ ]


  𝜂 ≔  d  d 𝜏  log ⁡   Z 𝜏    ​ |  𝜏 = ∞


  𝜆  ( ∞ ) = 0


   | x | → ∞


  D − 2 + 𝜂 > 0


  𝜆  ( ∞ )


   S ∗


  𝜏 → ∞


     ⟨ 𝜙  ( x ) 𝜙  ( 0 ) ⟩ connected ∝  1   x  D − 2 + 𝜂


  𝜆  ( 𝜏 ) ∼  e   − 𝜏  ( D − 2 + 𝜂 ) / 2


  𝜆  (  𝜏 0 ) ∼  e   −  𝜏 0  ( D − 2 + 𝜂 ) / 2 ≪ 1


  𝜏 =  𝜏 0 ≫ 1


   S 𝜏


  𝜏


  𝜏 =  𝜏 0


   S 𝜏


   S ∗


   S   𝜏 0 =  S ∗ +   ∑ A  𝛿  c A  𝒪 A


   | 𝛿  c A | ≪ 1


   𝒪 A :


  𝜏 → ∞


  𝛿  c A ,      𝜆 0 ≔  e  −  𝜏 0  ( D − 2 + 𝜂 ) / 2


  𝜏 =  𝜏 0 +  𝜏 ′


   S 𝜏 =  S ∗ +   ∑ A   ( 𝛿  c A  e   x A  𝜏 ′ −  𝜆 0   n min − 1  (  e  −    (  n min − 1 )  ( D − 2 + 𝜂 )  𝜏 ′ / 2 −  e   x A  𝜏 ′ )  h A )  𝒪 A


   𝒪 A :


   S ∗


   x A :


   𝒪 A


   n min :


   h A :


   d A


   d A


   x A


   d A =  max ⁡   (  x A , −  (  n m − 1 ) ( D − 2 + 𝜂 ) / 2 )


   x A ≥ 0   ( relevant   or   marignal )


  ⟹


   x A < 0   ( irrelevant )


  ⟹


   d A =  x A


   d A = −  min ⁡  (  |  x A | ,  (  n m − 1 )  ( D − 2 + 𝜂 ) / 2 )


  O  ( N )


  4 − 𝜖


  O  ( N )


  ℒ =  1  2 g    (  𝜕 𝜇  𝜙 i ) 2 ,


     (  𝜙 i ) 2 = 1


   S WF ∗ =   ∫ x   1 2    (  𝜕 𝜇  𝜙 i ) 2 +    m ∗ 2 2  𝜙 i 2 +    𝜆 ∗ 8    (  𝜙 i 2 ) 2 + O (  𝜖 2 )


   m ∗ 2 ≔ −  𝜖 4   N + 2  N + 8 ,


   𝜆 ∗ ≔ 𝜖   8  𝜋 2  N + 8


  O  ( N )


   𝜕 𝜏  𝜑 i =  𝜕 x 2  𝜑 i −  (  𝜑 j  𝜕 x 2  𝜑 j )  𝜑 i


   𝜕 𝜏  e  −  S 𝜏  [ Φ ] = ( WP   part )  


  −  𝜆 2  ( 𝜏 )   ∫ x   𝛿  𝛿  𝜙 i  ( x )  (  (  𝜙 j  ( x ) +  𝛿  𝛿  𝜙 j  ( x ) )


  ×   𝜕 x 2  (  𝜙 j  ( x ) +  𝛿  𝛿  𝜙 j  ( x ) )  (  𝜙 i  ( x ) +  𝛿  𝛿  𝜙 i  ( x ) ) )  e  −  S 𝜏  [ Φ ]


   𝜂 2 =   N + 2     ( N + 8 ) 2    𝜖 2 2 + O  (  𝜖 3 )


  𝜆  ( 𝜏 ) ∼  exp ⁡   ( −  𝜏 2  ( 2 − 𝜖 +   N + 2     ( N + 8 ) 2  𝜖 2 ) ) → 0         ( 𝜏 → ∞ )


   𝒪 1 =  1 2  𝜙 i 2 →    d 1 =  max ⁡   ( 2 −   N + 2  N + 8 𝜖 , −  ( D − 2 + 𝜂 ) ) = 2 −   N + 2  N + 8 𝜖 > 0


   𝜈  − 1 ≔  d 1


   𝒪 2 =  1 8    (  𝜙 i 2 ) 2 −   N + 2  64  𝜋 2  𝜙 i 2 →    d 2 =  max ⁡   ( − 𝜖 , −  ( D − 2 + 𝜂 ) ) = − 𝜖 < 0


  O  ( N )


  𝑪  𝑷  N − 1


  Λ  𝜕 Λ  e   W Λ  [ J ] =   ∫ p  Λ  𝜕 Λ  R Λ    𝛿 2  𝛿 J  ( p ) 𝛿 J  ( − p )  e   W Λ  [ J ]


   e   W Λ  [ J ] ≔  ∫  D 𝜙  exp ⁡   ( S + 𝜙 ⋅  R Λ ⋅ 𝜙 + J ⋅ 𝜙 )  


  =   ∫ p  Λ  𝜕 Λ  R Λ    ⟨ 𝜙 ( − p ) 𝜙 ( p ) ⟩


  Λ  𝜕 Λ  e   W Λ  [ J ] =  ∫  D 𝜙    ( 𝜙 ⋅ Λ  𝜕 Λ  R Λ ⋅ 𝜙 )   exp ⁡   ( S + 𝜙 ⋅  R Λ ⋅ 𝜙 + J ⋅ 𝜙 )  


  =   ∫ p  Λ  𝜕 Λ  R Λ    𝛿 2  𝛿 J  ( p ) 𝛿 J  ( − p )  e   W Λ  [ J ]


   𝜆 A →  e   x A 𝜏  𝜆 A


  x → x  e 𝜏


  𝜆  ( 𝜏 )


  𝜏


   𝜂 𝜏


   𝜂 𝜏 = 2 − D


  D = 4


  O  ( N )


  D = 2


  𝜆  ( 𝜏 )


   e  −   𝜏  ( D − 4 ) / 2  Z 𝜏   1 / 2


  O  ( N )


   𝜑 i →  O  i j  𝜑 j


   𝜑 i 2 = 1


   𝜑 i 2  ( 0 , x ) =  𝜙 i 2 ( x ) = 1 ,


   𝜑 i 2  ( t , x ) = 1


  ∀ t


   𝜑 i


  (  𝜙 N = ±    ( 1 −   ∑ a  N − 1   𝜙 a 2 )   1 2 )


   𝜕 t  𝜑 i =  𝜕 x 2  𝜑 i −  (  𝜑 j  𝜕 x 2  𝜑 j )  𝜑 i


   𝜕 t  𝜑 a =  𝜕 x 2  𝜑 a +  (  𝜕 𝜇  𝜑 b  𝜕 𝜇  𝜑 b +      (  𝜑 b  𝜕 𝜇  𝜑 b ) 2  1 −  𝜑 c 2 )  𝜑 a


  ℒ =  1 2  G  n m  ( 𝜙 )  𝜕 𝜇  𝜙 n  𝜕 𝜇  𝜙 m


   e   S 𝜏  [ 𝜙 ] =    s ^ 𝜙  − 1  ∫  D  𝜙 ′     ∏ x  𝛿 (  𝜙 i  ( x ) −  e    𝜏  ( D − 2 ) / 2  Z 𝜏   1 / 2  𝜑 i ′ ( t , x  e 𝜏 ) )    s ^   𝜙 ′  e   S  𝜏 = 0 [  𝜙 ′ ]


     s ^ 𝜙 ≔  exp ⁡   ( −   ∫ x     𝛿 2  𝛿  𝜙 i    ( x ) 2 )


  F  [ 𝜙 ] = 0


  O  ( N )


  F =  𝜙 i 2 − 1


   S 𝜏


  F  [ 𝜆  ( 𝜏 ) 𝜙 ] = 0


   e   S 𝜏  [ 𝜙 ] =    s ^ 𝜙  − 1  ∫  D  𝜙 ′     ∏ x  𝛿 (  𝜙 i  ( x ) −  e    𝜏  ( D − 2 ) / 2  Z 𝜏   1 / 2  𝜑 i ′ ( t , x  e 𝜏 ) )    s ^   𝜙 ′  e   S  𝜏 = 0 [  𝜙 ′ ]


  ≪ F  [ 𝜆  ( 𝜏 ) 𝜙 ]  𝜙   i 1 ⋯  𝜙   i n  ≫   S 𝜏 = 0


   S 𝜏


   S 𝜏


  ≪  𝜙   i 1  (  p 1  e 𝜏 ) ⋯  𝜙   i n  (  p n  e 𝜏 )  ≫   S 𝜏


  ≪ 𝒪  ≫ S ≔  ∫  D 𝜙      s ^ 𝜙 𝒪    e  S  [ 𝜙 ]   :


  =  e  −   𝜏 n  ( D + 2 ) / 2  Z 𝜏   n / 2   ∏  i = 1 n    K  (  p i  e 𝜏 )  K  (  p i ) ≪  𝜙   i 1  (  p 1 ) ⋯  𝜙   i n  (  p n )  ≫   S  𝜏 = 0


  K  (  p i ) ≔  e  −  p 2


  Z


   S 𝜏


  Z ≔  ∫  D 𝜙    e   S  𝜏 = 0  [ 𝜙 ]


   ∫  D 𝜙    e   S 𝜏 =  ∫  D 𝜙    e   S  𝜏 = 0 = Z


  𝜏 → ∞


    ∑ A   g A  𝒪 A ≔  e   S ∗   ∫  x ,  x 1 , … ,  x n   𝛿  𝛿  𝜙 i  ( x )  {  f a   i 1 , … ,  i   n min    (  𝜙   i 1  (  x 1 ) +   ∫   y 1  𝒟  (  x 1 −  y 1 )  𝛿  𝛿  𝜙   i 1  (  y 1 ) )   n min  e  −  S ∗


   S 𝜏 =  S ∗ +   ∑ A   ( 𝛿  c A  e   x A  𝜏 ′ −  𝜆 0   n min − 1  (  e  −    (  n min − 1 )  ( D − 2 + 𝜂 )  𝜏 ′ / 2 −  e   x A  𝜏 ′ )  h A )  𝒪 A


   h A =    g A   x A + D − 2 + 𝜂


   𝜒 ′  ( t , x )


   e   S 𝜏 [ A , 𝜓 ,  𝜓 - ] ≔    s ^ A  − 1  s 𝜓  − 1  ∫  D  A ′ D  𝜓 ′ D    𝜓 ′ -   ∏   x  ′ ′ , 𝜈 , b  𝛿  (  A 𝜈 b  (  x  ′ ′ ) −  e 𝜏  g 𝜏  − 1  B 𝜈  ′ b  ( t ,  x  ′ ′  e 𝜏 ) )


  × 𝛿  ( 𝜓  (  x  ′ ′ ) −  e    𝜏  ( D − 1 ) / 2  Z 𝜏   1 / 2  𝜒 ′  ( t ,  x  ′ ′  e 𝜏 ) ) 𝛿  (  𝜓 -  (  x  ′ ′ ) −  e    𝜏  ( D − 1 ) / 2  Z 𝜏   1 / 2    𝜒 - ′  ( t ,  x  ′ ′  e 𝜏 ) )


  ×    s ^   A ′    s ^   𝜓 ′  e   S  𝜏 = 0 [  A ′ ,  𝜓 ′ ,    𝜓 - ′ ]


     s ^ 𝜓 ≔  exp ⁡   ( −   ∫ x     𝛿 L  𝛿 𝜓  ( x )    𝛿 L  𝛿  𝜓 -  ( x ) )


   𝜕 t  𝜒 ′  ( t , x ) =  [  D 𝜇  D 𝜇 −  𝛼 0  𝜕 𝜇    B 𝜇 ′ a  ( t , x )  T a ]  𝜒 ′  ( t , x ) ,


   𝜒 ′  ( 0 , x ) =  𝜓 ′ ( x )


   S 𝜏


     s ^ 𝜓 ≔  exp ⁡   ( −   ∫ x     𝛿 L  𝛿 𝜓  ( x )    𝛿 L  𝛿  𝜓 -  ( x ) )


     𝛾 ^ 5


  𝜓  ( x ) →  ( 1 + i 𝛼  𝛾 5 ) 𝜓  ( x )


     𝛤 ^ 5 ≔    s ^ 𝜓  − 1    𝛾 ^ 5    s ^ 𝜓 ,


     𝛾 ^ 5 ≔   ∫ x   𝛾 5 𝜓  ( x )    𝛿 L  𝛿 𝜓  ( x ) +  𝜓 -  ( x )  𝛾 5    𝛿 L  𝛿  𝜓 -  ( x )


     𝛤 ^ 5


   S 𝜏


   S 𝜏


     𝛤 ^ 5  e   S 𝜏 = 0


   e  −  S 𝜏    𝛤 ^ 5  e   S 𝜏 =   ∫ x     𝛿 R  S 𝜏  𝛿 𝜓  𝛾 5 𝜓 +  𝜓 -  𝛾 5    𝛿 L  S 𝜏  𝛿  𝜓 - − 2    𝛿 R  S 𝜏  𝛿 𝜓  𝛾 5    𝛿 L  S 𝜏  𝛿  𝜓 - + 2 tr  [  𝛾 5    𝛿 L  𝛿 𝜓    𝛿 R  S 𝜏  𝛿  𝜓 - ]


   S 𝜏 = −   ∫ x   𝜓 -  ( x ) D 𝜓  ( x ) ⋯ ,


   𝛾 5 D + D  𝛾 5 + 2 D  𝛾 5 D = 0


   c -  ( x ) ,   c  ( x )


   A 𝜇


  𝜓


   S 𝜏 = S  [ A , 𝜓 ] +  S gh


   S gh =   ∫ x   c -  ( x )      𝜕 2  E  ( −  e  − 2 𝜏  𝜕 2 ) −  𝜕 2 c  ( x )


   S 𝜏 inv ≔  S 𝜏 +  1 2   ∫ x   1  𝜉 E  ( −  e  − 2 𝜏  𝜕 2 )  e  2  𝜕 2 −  𝜕 2    (  𝜕 𝜇  A 𝜇  ( x ) ) 2


  𝜉 :


  E  ( x ) :


  x = 0


   S 𝜏 inv


   S 𝜏


  𝛿  A 𝜇  ( x ) =   𝜉 E  ( −  e  − 2 𝜏  𝜕 2 )  e  2  𝜕 2 −  𝜕 2  𝜉 E  ( −  e  − 2 𝜏  𝜕 2 )  e  2  𝜕 2  𝜕 𝜇 𝜔  ( x ) ,


  𝛿 𝜓  ( x ) = i e 𝜔  ( x ) 𝜓  ( x )


  𝛿  S 𝜏 =   ∫ x   A 𝜇  ( x )    𝜕 2  𝜉 E  ( −  e  − 2 𝜏  𝜕 2 )  e  2  𝜕 2  𝜕 𝜇 𝜔  ( x )


  𝛿  𝜓 -  ( x ) = − i e 𝜔  ( x )  𝜓 -  ( x )


  𝛤 [  𝒜 𝜇 , 𝛹 ,  𝛹 - ]


   A 𝜇 ,     𝜓


   𝜓 -


   𝛤 𝜏


   S 𝜏 inv


   𝛤 𝜏  [  𝒜 𝜇 , 𝛹 ,  𝛹 - ] ≔  S 𝜏  [  A 𝜇 , 𝜓 ,  𝜓 - ] +   ∫ x   [  1 2    (  A 𝜇 −  𝒜 𝜇 ) 2 + i  (  𝜓 - −  𝛹 - )  ( 𝜓 − 𝛹 ) ] ,


   𝒜 𝜇 =  A 𝜇 +   𝛿  S 𝜏  𝛿  A 𝜇 ,   𝛹 = 𝜓 + i    𝛿 L  S 𝜏  𝛿 𝜓 ,    𝛹 - =  𝜓 - + i    𝛿 R  S 𝜏  𝛿  𝜓 -


   S ∗


   𝒪 1


   𝒪 2


   e   x A  𝜏 ′


   e   x A  𝜏 ′


   e  −    (  n min − 1 )  ( D + 2 − 𝜂 ) / 2    𝜏 ′  


   S ∗


   𝒪 1


   𝒪 2


   S   𝜏 0 =  S ∗ + 𝛿  c A  𝒪 A

