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𝜕

𝜕𝛼
ℒ(𝛼) = det 𝑇𝜇𝜈

𝛼
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ℒ

𝑁
=

1

2
𝜕𝜇𝜙

2
−

𝑚0
2

2
𝜙2 + 𝛼0 det 𝑇𝜇𝜈

𝑂(1/𝑁)
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𝑇𝜇𝜈 ≔ 𝜕𝜇𝜙 ⋅ 𝜕𝜈𝜙 −
𝜂𝜇𝜈

2
𝜕𝜌 𝜙

2
− 𝑚0

2𝜙2

ℒ

𝑁
=

1

2
𝜕𝜇𝜙

2
−

𝑚0
2

2
𝜙2 + 𝛼0 det 𝑇𝜇𝜈

ℒ

𝑁
=

1

2
𝜕𝜇𝜙

2
−

𝑚0
2

2
𝜙2
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𝐶 … scalar field
 𝐶𝜇𝜈 … traceless symmetric

tensor field

𝑆eff

𝑁
=

𝑖

2
tr log(−𝜕2 − 1 + 𝐶 𝑚0

2 + 2𝜕𝜇
 𝐶𝜇𝜈𝜕𝜈)

+  
𝑥

−1

4𝛼0
𝐶2 +

1

8𝛼0

 𝐶𝜇𝜈

ℒ

𝑁
=

1

2
𝜕𝜇𝜙

2
−

𝑚0
2

2
𝜙2 −

𝑚0
2

2
𝐶𝜙2 −

1

2
 𝐶𝜇𝜈𝜕𝜇𝜙 ⋅ 𝜕𝜈𝜙 −

1

4𝛼0
𝐶2 +

1

8𝛼0

 𝐶𝜇𝜈 2
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1

𝛼0𝑚0
2 𝐶 =

1

4𝜋2𝑖
 
𝑘

𝑑2𝑘

𝑘2 − 1 + 𝐶 𝑚0
2

𝛼0𝑚0
2

=
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𝐶 = 𝐶 +
𝑚2

𝑚0
2

 𝐶

𝑀 =
𝑚4

2𝑖
𝐺 𝑥 − 𝑦

2
−

1

2𝛼0
𝛿 𝑥 − 𝑦

𝑀𝜇𝜈 =
𝑚2

2𝑖
𝜕𝜇𝐺 𝑥 − 𝑦 𝜕𝜈𝐺 𝑥 − 𝑦

𝑀𝜇𝜈𝛼𝛽 =
1

2𝑖
𝜕𝜇𝜕𝛼𝐺 𝑥 − 𝑦 𝜕𝜈𝜕𝛽𝐺 𝑥 − 𝑦 +

𝜂𝜇𝛼𝜂𝜈𝛽

4𝛼0
𝛿 𝑥 − 𝑦

𝐺 𝑥 − 𝑦 ≔ −𝜕2 + 1 + 𝐶 𝑚0
2 −1
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𝑀 𝑀𝜇𝜈

𝑀𝜇𝜈𝛼𝛽
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𝑆eff

𝑁
=

1

2
 
𝑃

𝑎𝑃2 −
1

4𝛼0
+ quadratic div.  𝐶𝜇𝜈 2

+
𝑚4

4𝜋𝑃 4𝑚2 − 𝑃2
tan−1

𝑃

4𝑚2 − 𝑃2
−

𝑃2

96𝜋
−

𝑚2

16𝜋
 𝐶 +

𝑃𝜇𝑃𝜈

𝑃2
 𝐶𝜇𝜈

2

𝑚2 ≔ 1 + 𝐶 𝑚0
2

𝑎 ⋯ regularization-dependent constant
e.g.  0 (Pauli-Villars, Dimensional)

−1

12𝜋
(Cutoff)
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𝑆eff

𝑁
=

1

2
 
𝑃

𝑎𝑃2 −
1

4𝛼0
+ quadratic div.  𝐶𝜇𝜈 2

+
𝑚4

4𝜋𝑃 4𝑚2 − 𝑃2
tan−1

𝑃

4𝑚2 − 𝑃2
−

𝑃2

96𝜋
−

𝑚2

16𝜋
 𝐶 +

𝑃𝜇𝑃𝜈

𝑃2
 𝐶𝜇𝜈

2

𝛿𝑍

2
 𝐶𝜇𝜈 𝜕2  𝐶𝜇𝜈 ↔ 2𝛼0

2  𝑇𝜇𝜈
𝛿𝑍𝜕2

1 + 4𝛼0𝛿𝑍𝜕2
 𝑇𝜇𝜈 ∈ ℒc.t.

𝛼0

𝑃2  𝐶𝜇𝜈 2
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𝑆eff

𝑁
=

1

2
 
𝑃

𝑎𝑃2 −
1

4𝛼0
+ quadratic div.  𝐶𝜇𝜈 2

+
𝑚4

4𝜋𝑃 4𝑚2 − 𝑃2
tan−1

𝑃

4𝑚2 − 𝑃2
−

𝑃2

96𝜋
−

𝑚2

16𝜋
 𝐶 +

𝑃𝜇𝑃𝜈

𝑃2
 𝐶𝜇𝜈

2

𝑃2 → ∞ −
𝑃2

96𝜋
𝑎 ≠ 0

𝑎𝑃2  𝐶𝜇𝜈 2
= 𝑎𝑃2  𝐶00 2

− 𝑎𝑃2  𝐶01 2
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ℒ

𝑁
=

1

2
𝜂𝜇𝜈 −  𝐶𝜇𝜈 𝜕𝜇𝜙 ⋅ 𝜕𝜈𝜙 − 𝑚2 1 +  𝐶 𝜙2 + (mass terms)

ℒ = −𝑔 𝑔𝜇𝜈𝜕𝜇𝜙 ⋅ 𝜕𝜈𝜙 − 𝑚2𝜙2

𝑆Liouville = −
𝑁 − 25

24𝜋
 
𝑥

−  𝑔  𝑔𝜇𝜈𝜕𝜇𝜎𝜕𝜈𝜎 +  𝑅𝜎

𝑁 − 25 → 𝑁 + 1

𝑔𝜇𝜈 =  𝑔𝜇𝜈𝑒𝜎 ↔ 𝜂𝜇𝜈 +  𝐶𝜂𝜇𝜈 +  𝐶𝜇𝜈
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𝑎 = 0

14/18

𝑆Liouville = −
𝑁 − 25

24𝜋
 
𝑥

−  𝑔  𝑔𝜇𝜈𝜕𝜇𝜎𝜕𝜈𝜎 +  𝑅𝜎



ℒ

𝑁
=

1

2
𝜕𝜇𝜙

2
− 𝑉 𝜙2 + 𝑓 𝑇,  𝑇𝜇𝜈

(𝑓 ⋯ any scalar function of 𝑇 &  𝑇𝜇𝜈 )

𝑇 = 2𝑉(𝜙2)

𝑔 𝜙2,  𝑇𝜇𝜈 ≔ 𝑉 𝜙2 − 𝑓 𝑇,  𝑇𝜇𝜈

ℒ

𝑁
=

1

2
𝜕𝜇𝜙

2
− 𝑔 𝜙2,  𝑇𝜇𝜈
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ℒ

𝑁
=

1

2
𝜕𝜇𝜙

2
−

1

2
𝐶𝜙2 −

1

2
 𝐶𝜇𝜈𝜕𝜇𝜙 ⋅ 𝜕𝜈𝜙 + ℎ 𝐶,  𝐶𝜇𝜈

(ℎ ⋯ Legendre transformation of 𝑔)

𝑆eff

𝑁
=

𝑖

2
tr log(−𝜕2 − 𝐶 + 𝜕𝜇

 𝐶𝜇𝜈𝜕𝜈) +  
𝑥

ℎ

1

8𝜋2𝑖
 
𝑘

𝑑2𝑘

𝑘2 − 𝑚2 +
𝜕ℎ

𝜕𝐶
𝐶 = 𝑚2, 0 = 0

𝑚2 ≔ 𝐶
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𝑆eff

𝑁
=

𝑖

2
tr log(−𝜕2 − 𝑚2 −  𝐶 + 𝜕𝜇

 𝐶𝜇𝜈𝜕𝜈) +  
𝑥

ℎ 𝑚2 +  𝐶,  𝐶𝜇𝜈
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𝑂(1/𝑁)

ℒ

𝑁
=

1

2
𝜕𝜇𝜙

2
−

𝑚0
2

2
𝜙2 + 𝛼0 det 𝑇𝜇𝜈
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 𝐶(𝑃)  𝐶 −𝑃

𝑃 + 𝑞

2

−𝑃 + 𝑞

2

 𝐶𝜇𝜈(𝑃)  𝐶 −𝑃

𝑃 + 𝑞

2

−𝑃 + 𝑞

2

 𝐶𝜇𝜈(𝑃)  𝐶𝛼𝛽 −𝑃

𝑃 + 𝑞

2

−𝑃 + 𝑞

2
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